Stanley depth of monomial ideals in three variables 
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Abstract 

We show that depth(S/J) = if and only if sdepth(S/I) = 0, where I C S = 
K[x\, . . . ,x n ] is a monomial ideal. We give an algorithm to compute the Stanley 
depth of S/I, where I C S = K[xi,X2,xs] is a monomial ideal. Also, we prove that 
a monomial ideal I C K[x\,X2- > x^\ minimally generated by three monomials has 
sdepth(J) = 2. 
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Introduction 

Let K be a field and S = K[xi, . . . ,x n ] the polynomial ring over K. Let J G I G S 
be two monomial ideals. A Stanley decomposition of I/J is a decomposition T> : I/J = 

^ ' ®l=i u iK[Zi] as -f^-vector space, where Ui G S are monomials and Zi C {x\, . . . ,x n }. 

We denote sdepth(P) = min r i=1 \Zi\ and sdepth(J/J) = max{sdepth(£>)| V is a Stanley 
decomposition of I/J}. The number sdepth(//J) is called the Stanley depth of I/J. Herzog, 
Vladoiu and Zheng show in [7J that this invariant can be computed in a finite number 
of steps. There are two important particular cases. If / C S is a monomial ideal, we 
are interested in computing sdepth(Syi) and sdepth(J). There are some papers regarding 
this problem, like [7] , \±0\ , [9] , [H] and [5]. Stanley's conjecture says that sdepth(Syi) > 
depth(5y/), or in the general case, sdepth(M) > depth(M), where M is a finitely generated 

\Q ', multigraded S'-module. The Stanley conjecture for S/I was proved for n < 5 and in other 



(N 



special cases, but it remains open in the general case. See for instance, [1], [S], [H], PP and 

m 

q ■ Let I C S be a monomial ideal. We assume that G(I) = {v\, . . . ,v m }, where G(I) 

is the set of minimal monomial generators of /. We denote g(I) = \G(I)\, the number 
of minimal generators of /. Let v = GCD{u\ u G G(I)). It follows that / = vl', where 
I' = (I : v). For a monomial u G S, we denote supp(u) = {xj : Xi\u). We denote 
supp(I) = {xi : Xi\u for some u G G(I)}. We denote c(I) = \supp(I')\. In the first section, 
we prove results regarding some relations between sdepth(Syi), sdepth(J), g(I) and c(7). 
We prove that depth(S/I) = if and only if sdepth(S'/J) = 0, see Corollary 1.6. Thus, the 
Stanley's conjecture is true for S/I, when sdepth(S'//) = 0. In the second section, we give 
an algorithm to compute sdepth(Syj), where I C S = K[x\,X2, x 3 ] is a monomial ideal, 
see Theorem 2.3. We prove that a monomial ideal / C K[xi, 22, ^3] minimally generated by 
three monomials has sdepth(J) = 2, see Theorem 2.4. Also, if / C K[x±, X2, X3] is saturated, 
we prove that sdepth(J) > 2, see Proposition 2.8. 
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1 Preliminaries results 

Firstly, we recall the following result of Herzog, Vladoiu and Zheng. 

Lemma 1.1. P7| Lemma 3.6] Let J C I be monomial ideals of S = K[xi, . . . ,x n ], and let 
T = S[x n+1 ]. Then sdepth(IT/JT) = sdepth(7/J) + 1. 

For any monomial ideal J C S, we denote J c the i^-vector space spanned by all the 
monomials not contained in J. With this notation, we have the following lemma. 

Lemma 1.2. Let I C S — K[x\, . . . ,x n ] be a monomial ideal and u £ S a monomial. 
Then 

I = ((u) c f]I)®u(I:u). 

Also, I c = {v) c © v{I') c , where v = GCD(u\ u £ G(I)) and V = (I :v). 

Proof. We have I = I n S = I C\ ((u) c © (u)) n I = {u) c n I) © ((«) n I). In order to 
complete the proof, it is enough to show that ((«) fl /) = u(I : u) . Indeed, if v £ (u) f)I is a 
monomial, then v = uw for some monomial w £ S. Moreover, since w = t> £ I it follows 
that w E (I : u) and thus t> £ m(J : u). The inclusion ((«) fl I) D u(I : w) is similar. 

We have / c = fns = / c n ((v) c © (v)) = (i c n (w) c ) © (/ c n (v)) = (w) c © v(I') c . a 

Proposition 1.3. Let I C S be a monomial ideal which is not principal. Then: 

(1) sdepth(Syi) = sdepth(Syj'). 

(2) sdepth(J) = sdepth(J'). 
(3)sdepth{S/I) >n-c{I). 

(4) sdepth(J) > n- c(I) + 1. 

(5) sdepth(S/I) >n-#(I). 

^ sdepth(J) > max{l,n — g(I) + 1}. 

Proo/. (1) By Lemma 1.2, 5// = I c = {vf © vl' c , where v = GC£>(u| u £ G(/)) and 
V = [I : v). Given a Stanley decomposition S/I' = @ r i=1 u' i K[Zi\ 1 then @ r i=1 vu' i K[Zi\ 
is a Stanley decomposition of v(I' c ). On the other hand, one can easily give a Stanley 
decomposition D of (u) c with sdepth(T>) = n — 1. Thus, we obtain a Stanley decomposition 
of 5// with its Stanley depth > sdepth (£//')■ It follows that sdepth(S/J) > sdepth(£/I'). 

In order to prove the converse inequality, we give S/I = ©[ =1 UiK[Z/\ a Stanley de- 
composition of S/I. It follows that v(I' c ) = & i=1 {uiK[Zi] n v{I' c )) = ^l =1 (uiK[Zi] n (v)). 
We claim that u^^] n (v) ^ (0) implies LCM{u h v) £ UiK[Z^. 

Indeed, if LCM(v,i,v) <£ UiK\Z/\ it follows that v/GCD(ui,v) ^ i^[^i] and therefore, 
there exists Xj\v/GCD(ui,v) such that Xj (£ Z^ Thus, v cannot divide any monomial of 
the form Uiy, where y £ K[Z/\ and therefore UiK\Z/\ fl (v) = (0), a contradiction. We have 
proved that LCM(ui,v) £ U{K\Z/\. This implies LCM(ui,v)K[Zi] C UiK\Z/\. Obviously, 
LCM{u h v)K[Zi\ C (v) and thus LCM(« 4 ,?;)^[^] C u^K"^] n (v). 



On the other hand, if u G UiK[Zj\ fl (v) is a monomial, it follows that u,i\u and v\u and 
therefore, LCM(ui,v)\u. Since w G UiK[Zi], it follows that u — Ui ■ Wi, where suppiwi) C 
Zj. Moreover, supp(u/LCM(ui,v)) C Z,, and thus, u G LCM(ui, v)K[Zj\. We obtain 
LCM(ui, v)K[Zi] = UiK[Zj\ fl (t>). In conclusion, 

It follows that sdepth(5'// / ) > sdepth(S'/J), as required. 

(2) Suppose / = Q) r i=1 UiK[Zi\ is a Stanley decomposition for I. One can easily show 
that V = 0[ =1 Ui/vK[Zi] is a Stanley decomposition for I', and thus sdepth(J) < sdepth(I'). 
Conversely, if I' = ^ r i=1 UiK[Zi] is a Stanley decomposition of I' it follows that / = 
@ r i=1 UivK[Zj\ is a Stanley decomposition of /. 

(3) By (1), we can assume that I' = I. By reordering the variables, we can assume 
that / C (xi, X2, ■ ■ ■ , x m ), where m = c(I). We write I — (I fl K[xi, . . . , x m ])S. Lemma 1.1 
implies sdepth(S'/J) = sdepth(i^[xi, . . . , x m ]/(I fl K[xi, . . . , x m ])) + n — m>n — m. 

(4) The proof is similar with (3). 

(5) In order to prove, we use a strategy similar with the Janet's algorithm, see [2]. As 
in the proof of Proposition 3.4], we use induction on n > 1. If n — 1 there is nothing to 
prove. If m = 1, I is principal and thus sdepth(5'//) = n — 1. Suppose n > 1 and m > 1. 
Let q = deg Xn (I) := max{j : x J n \u for some u G G(I)}. For all j < q, we denote Ij the 
monomial ideal in S' = K[x±, . . . , i n _i] such that / fl x J n S' = x J n Ij. Note that g(Ij) < g(I) 
for all j < q and g(I q ) < 5 , (-^)- We have 

5// = S'/Jo © X n (57/i) © • • • © xr^'/Vl) © ^(^//^[Xn]. 

It follows that sdepth(Syj) > min{sdepth(S"//j), j < q, sdepth(S"// g ) + 1}. By induction 
hypothesis, it follows that sdepth(S"/ij) > n — 1 — q(Ij) > n — 1 — (m — 1) = n — m for all 
j < q. Also, sdepth(S"// g ) > n — 1 — g(/g) > n — 1 — m. This complete the proof. 

(6) See [TJ Proposition 3.4]. □ 

Proposition 1.4. Let I C S be a monomial ideal which is not principal with c(I) =2 or 
g{T) = 2. Then sdepth(J) = n — 1 and sdepth(S'/J) = n — 2. 

Proof. If c(I) = 2, then, by 1.3(4), it follows that sdepth(J) > n - c(I) + 1 = n - 1. 
Similarly, sdepth(J) > n — 1 if g(I) = 2. But sdepth(J) < n, otherwise, I is principal. 

Also, by 1.3, sdepth(3/T) >n-2 if c(I) = 2 or #(I) = 2. We consider the case c(I) = 2. 
By 1.3(2), we can assume that 1 = 1' and supp(I) = {x\, a^}- Since GC.D(u| w G G(I)) = 1, 
we can assume that x" G G(I) for some positive integer a. Let w = x" _1 . Obviously, w <£ I, 
but X\W G I and XgW G I for fc ^> 0. It follows that u> is contained in a Staley space of 
S/I with dimension < n — 2 and thus sdepth(S'//) = n — 2. 

We consider now the case g(I) = 2. Suppose / = (mi,m 2 ). By 1.3(3), we can assume 
GCD(ui,U2) = 1. Therefore, J is a complete intersection and by J6j Proposition 1.2] or 
[TU1 Corollary 1.4], it follows that sdepth(S/J) = n - 2. D 



Theorem 1.5. Let I C S be a monomial ideal. Then sdepth(Syi) = if and only if 
I j^ I sat , where I sat = Ufc>i(^ : ( x i> • • • -> x n) k ) is the saturation of I. 

Proof. Suppose / 7^ I sat and take u G I sat \ I a monomial. Let S/I = ©[ =1 UiK[Zj\ be a 
Stanley decomposition of S/I. Since u ^ / it follows that u G UiK[Zj\ for some j E [r]. If 
Xj G Z{, then x k u G U{K[Zi] C J c for any A; > 0, a contradiction. Therefore, u = Ui and 
Z = and thus sdepth(S/7) = 0. 

In order to prove the converse, we use induction on n > 1. The case n = 1 is trivial. 
Suppose n > 1. We use the decomposition of S 1 // given by the Janet's algorithm, see [2]. 
Let q = deg Xn (I) '■= max{j : x^u for some u G G(I)}. For all j < q, we denote Ij the 
monomial ideal in S' = K[xi, . . . , x n -i] such that / fl x{S" = x J n Ij. With these notation, 
we have: 

(*) S/I = S'/h © x n (S'/h) © ■ ■ ■ © xl\S'/I q ^) © xl{S'/I q )[x n }. 

Since sdepth(Syj) = 0, it follows that sdepth(S'/Ij) = for some j < q, otherwise, from 
the above decomposition it will follow that sdepth(Syi) > 0, a contradiction. By induction 
hypothesis, there exists a monomial u G Ij at \ Ij. We consider the monomial w = x J n u. 
Since u G Ij at \ Ij it follows that w ^ I and x k w G / for k ^> and j < n. If x k n u G / for 
some ^>0 we are done. 

Now, suppose that for any < j < q and for any monomial u G J sat \ Ij and for any 
positive integer k it follows that x k n u ^ /. For any < j < q, we denote Aj the set of 
monomials which are in U at \ Ij. By our assumption, we have Aq C A\ C • • • C A g . Indeed, 
if u G Aj for some j < q, then x^ x u ^ / and so w <£ ij+i. On the other hand, Jj C ij+i 
and thus u G iJ+V Therefore u G A/+i and thus Aj C A,-+i- 

Since (J s . at y at = l s . at i by induction hypothesis, it follows that sdepth(S"// 3 sai ) > 1. 
Suppose Vj : S'/Ij at = ©4=1 u ijK[Zij] is a Stanley decomposition with sdepth (£>,,•) > 1. It 
follows that S 1 /Ij = @iiLiUijK[Zij] © ® ueA . U-ft' is a Stanley decomposition of S' /Ij. By 
(*), it follows that 

q-l r 3 r q 

S/ 1 = ©(©4«#[%1 © 4^) © (${x q n u iq K[Z iq ,x n ] © x>K[x n ]). 

j=0 i=l u£Aj i=l uGA q 

Note that v4 C Ai C ■ ■ ■ C A q implies 

q-l q 

0(0 xiuK) © xluK\x n \ =00 xiuK[x n ], 

j=0 ueAj u£A q j=0 u£A j \A j - 1 

where A_i = 0, and thus 

q-l Tj r q q 

j=0 i=l i=l j=0 mgAj\Aj_i 

is a Stanley decomposition of S/I and therefore, sdepth(Syj) > 0, a contradiction. □ 



Corollary 1.6. Let I C S be a monomial ideal. Then sdepth(Syj) = if and only if 
depth(Sy.Z') = 0. In particular, sdepth(S'//) = if and only if sdepth.(S / I k ) = ; where 
k > 1. 

Proof. Since 7 is a monomial ideal, it follows that depth(Sy/) = if and only if (7 : 
(xi,...,x n )) 7^ 7 which is equivalent, by the previous theorem, with sdepth(Syj) = 0. 
For the second assertion, note that depth (5/ J) = if and only if depth(S/I k ) = 0, where 
k> 1. □ 

Proposition 1.7. Let I C S be a monomial ideal with c(7) = n and (xi, . . . , x„_i) C yl . 
Then sdepth(S / 1) = 0. 

Proof. Since (xi, . . . , x„_i) C \fl it follows that x°j J G I for some positive integers a,-, 
where j G [n — 1]. Since c(7) — n it follows that there exists a monomial u G G(7) with 
x n \u. If w = x® n there is nothing to prove, since, in this case, 7 is Artinian. Suppose this is 
not the case. We consider w = u/x n . Obviously, x^wEl for any j G [n], where a n :— 1. 
Thus, for any Stanley decomposition of S/I, the monomial w lays in a Stanley space of 
dimension and therefore sdepth(Syi) = 0. □ 

2 Stanley depth for monomial ideals in three variables 

Proposition 2.1. Let I C K[x±,x 2 ,Xs] be a monomial ideal with g(I) = 3 and c(I) = 3. 

(1) Ify/ID (xi,x 2 ) then sdepth(S/7) = 0. 

(2) If yl — (xi,x 2 X3) and I = (xi 1 ,x 2 1 x^, Xi 2 x 2 x^) then sdepth(S / 1) = if and only 
if b\ > b 2 and c\ < c 2 or b\ < b 2 and c\ > c 2 . Otherwise, sdepth(S'/J) = 1. 

(3) If yl = (x\X 2 , xix 3 , x 2 Xs) and I = (x^ 1 x 2 , x^ 2 x^ 1 , x 2 x^ 2 ) for some positive integers 
a,i,a 2 ,bi,b 2 ,Ci,c 2 , then sdepth(S / 1) = 1 if and only if a 2 < a± — 1, 61 < b 2 — 1 andc 2 < C\ — 1 
or a± < a 2 — l,b 2 <b± — 1 and C\ < c 2 — 1. 

Proof. (1) Is a particular case of Proposition 1.7. 

(2) Suppose 61 < 6 2 an d c x > c 2 . We consider w = x^x^Xg 2 . Obviously, w ^ I, but 
x ® 1 ~ a2 w,x 2 2 ~ 1 w,x^ 1 ~ C2 w G 7. Therefore, the monomial w lays in a Stanley space of 5/7 of 
dimension and thus sdepth(Syi) = 0. The case b\ > b 2 and c\ < c 2 is similar. 

Since x^ 1 , x 2 x^ 1 , x^ 2 x 2 x^ 2 are the minimal generators of 7 it follows that a\ > a 2 and 
&i > b 2 or C\ > c 2 . It is enough to consider the case b\ > b 2 and C\ > c 2 . By a straightforward 
computation, (7 : (xi,x 2 ,x 3 )) = I, and therefore, by Theorem 1.5, sdepth(Syj) = 1. 

(3) We have (/ : Xi) = (x^x^xf-^x^ 2 ), (7 : x 2 ) = (x?x%-\x? xf , x^ 1 x c 3 2 ) 
and (I : X3) = (x^x^x^x^ 1-1 ^^ 2-1 ). Since (7 : (xi,x 2 ,X3)) = f] i=1 (I : Xj), we get 

\1 . IX]«X25X3// — ■*■ ~~ r~ \ 1 .X^ o * .X 1 -1 Xo I I I I X i Xo 5 Xo Xo ) I I I X i Xo . Xq Xo I — 

— r J_ (V^- 1 ^™"^ 61 ' 62-1 }^ mox{ai,o 2 -l} _6i-l _ci „o 2 -l„6 2 -l mox{ci,c 2 }\ n / a 2 „ci-l J> 2 ~c 2 -l\ 

J I 1*^1 vto X q . *A/1 JyQ Xo « X 1 JvO X q II IIXl J/O « X^ X Q J 



7 + (x 



max 



{01 — l,a 2 } max{bi,b2 — 1} max{ci— l,c 2 } max{a\,a2 — 1} max{b\ — 1,62} max{ci,C2— 1}\ 

x 2 X3 , x^ x 2 ^3 J. 



Note that x ^{^~^} x ^ ub2 -i} x rn^{c^i,c 2 } e j if and only if fl2 < fli _ lhi < 
6a - 1 and C2 < ci - 1. Also, ^{«i^-i} x ;Wfc-iM x j^{ci.«-i} e 7 if and only if 
«i < «2 — 1, b 2 < 61 — 1 and Ci < C2 — 1. Thus, by Theorem 1.5, we are done. □ 

Example 2.2. Let I = (xfx 2 , x 2 x 3 , x\x\) and J = (J, Xix 2 x 3 ) . One can easyly see that J = 
(I : (xi,x 2 ,x 3 )) = (J : (xi,x 2 ,x 3 )). Thus, by 1.5, sdepth(5'/J) = and sdepth(Syj) = 1. 

This proposition and the results of the first section, give an algorithm to compute the 
sdepth(Syj), where I C S = K[xi, x 2 ,x 3 ] is a monomial ideal. 

Theorem 2.3. Let I C S = K[xi,X2,Xs\ be a monomial ideal. 

(a) Ifg(I) = 1 then sdepth(S/I) = 2. If g(I) = 2 then sdepth(5/J) = 1. 

(b) Ifg(I) > 3 and c{I) = 2 then sdepth(S/I) = 1. 

(c,) If g(I) = 3 and c(J) = 3, then I' satisfies the hypothesis of Proposition 2.1 and 
sdepth(Syi) = sdepth(Syj'). 

fdj If g(I) =: m > 3 and c(7) = 3, /or ever?/ subset a C [m] u>rfn \o~\ = 3 we consider 
the ideal I a = (n -(i),n -(2),Mo-(3)), where G(I) = {ux, . . . ,u m }. If sdepth(S/I ff ) = 1 for all 
a then sdepth(Syj) = 1. Otherwise, if I 7^ (I : (xi,X2,Xa)) then sdepth(S/I) = 0. 

Proof. (a,b) If g(I) = 1 then J is principal, and therefore sdepth(J) = 2. If g{I) = 2 or 
c(I) = 2, by Proposition 1.4, it follows that sdepth(Syi) = 1. 

(c) I' is a monomial ideal minimally generated by three monomials ui,u 2 ,u 3 with 
GCD(ui,u 2 ,u 3 ) = 1. One can easily see that VT must be in one of the three cases of 
Proposition 2.1. By Proposition 1.3(1), sdepth(Syj) = sdepth(S'// / ). 

(d) Assume / 7^ I sat and choose a monomial w G (/ : (xi,x 2 ,x 3 )) \ I. Therefore, there 
exists some minimal generators u\, u 2 , u 3 G G(I) such that Uj\xjW for any j G [3]. Note that 
Mi, u 2 and u 3 are distinct. Indeed, if we assume by contradiction that u\ = u 2 , since U\\xxW 
and Ui\x 2 w it follows that Ux\w, which is absurd! Thus, w G (u±, u 2 , u 3 ) sat \ (ui, u 2 , u 3 ) and 
therefore, by 1.5, sdepth(5 , /(ni,n 2 , u 3 )) = 0. □ 

Theorem 2.4. Let I G S := K[x\ 1 x 2 , X3] be a monomial ideal with g(I) = 3 and c(I) = 3. 
Then sdepth(J) = 2. 

Proof. By Proposition 1.3(2), we can assume that / = /'. If / is generated by powers of 
variables then, by Theorem 1.3] or [7} Proposition 3.8], it follows that sdepth(J) = 2. If 
this is not the case, we must consider several cases. 

(1) If \J1 = (a?i, x 2 ), then / = (a;", x 2 , x^x^x^ 1 ), where a, 6, 01, 61, Ci are some positive 
integers such that a > a x and b > b\. By Lemma 1.2, we have: 

a\ — 1 

/ = (( X ^) c n I) ® <(/ : x? 1 ) = x{x b 2 K[x 2 ,x 3 } © x^^r 01 ,^,^ 1 ^ 1 )- 

3=0 

We denote J = {x°[~ ai , x\, x 2 x c 3 ) . By Lemma 1.2, we have: 

61-1 

J = (^a^ ) I 1 jj 93 x 2 yJ '. x 2 J — ( ) 3?i x 2 I\ |3Ji, X3J ffi X2 (^1 , x 2 , x 3 J. 



By [SI Theorem 1.3] or [7J Proposition 3.8], sdepth((x" _ai ,x 2 ~ 1 ,x 3 11 )) = 2, and therefore, 
from the above decompositions, it follows that sdepth(J) = 2 and thus sdepth(J) = 1. 

(2) If \fl = (xi,^^), then / = (x\ l ,x 2 x c 3 , x a ^x 2 2 x c 3 \ where ai,a 2 ,bi,b 2 ,ci,C2 are 
some positive integers such that a\ > a 2 and b\ > b 2 or c\ > c<i- It is enough to consider 
the case b\ > b 2 . By Lemma 1.2, 

6 2 -i 

I = ((x 2 2 ) c n I)@x b 2 2 (I : x b 2 2 ) = Qxl 1 x } 2 K[x 1 ,x 3 ] © x h 2 2 (xl\ x^ 2 x c 3 \ xl 2 x c 3 2 ) . 

3=0 

We denote J = (xi 1 ,x 2 1 ~ 2 x' 3 1 1 x1 2 x' 3 2 ). If c\ < C2, by Lemma 1.2, we have: 

Cl-l 

7 _ ((^lY Pi fl ffl r 01 / f • T Cl l - fl^ T°V ft'fr, T-J ffi ^ c i|V ai ^ fc i- fc 2 ™a2„C 2 -Ci\ 
(7 — VVS/ / ^ 3 V ' 3 / — I J Xl Xo-iY IX ]^ , X2J vf X0IX1 ,Xo , Xi Xo I . 

3=0 

By (1), sdepth((x" 1 ,x 2 1_ 2 , x 1 ^ 2 x c 3 ~ Cl )) = 2 and thus, from the above decompositions, it 
follows that sdepth(J) = 2. 

(3) If \fl = (xix 2 ,xix 3 ,x 2 x 3 ), then I = (x^ 1 x h 2 , x\ 2 x c 3 , x b 2 xf) , where ai, a 2) b\, b 2l c\, c 2 
are some positive integers. We may assume a\ > a 2 . By Lemma 1.2, it follows that 



CL2— 1 

I = (( x f ) c n I) © xf (/ : x?) = x{x b 2 2 x c 3 2 K[x 2 , x 3 ] © xf (xf ~" J - / " ■■'■' -' 

3=0 



2 ' x 3 5 a '2 x 3 



We denote J = (x" 1 ~ a2 a; 2 1 , X3 1 , x/xg 2 ). If a± = a 2 , then c(J) = 2 and therefore sdepth(J) = 
2. Suppose ai > a 2 . If ci < c 2 it follows that g( J) = 2 and therefore sdepth( J) = 2. Other- 
wise, J is an ideal in the case (2) and thus sdepth(J) = 2. From the above decomposition 
of /, it follows that sdepth(J) =2. □ 

Example 2.5. Let I = (xf, x 2 x\^ Xix\x 3 ) . We have: 

I = ((x 2 ) c Pi /) © x 2 (I : x 2 ) = x\K[x\, x 3 ] © x\x 2 K[xi, x 3 ] © x\{x\, X3, Xix 2 x 3 ), 
On the other hand, 

(a?f, X3, x ± x 2 x 3 ) = xlK[x 2l x 3 ]®xi(xl, x 2 3 , x 2 x 3 ) = xlK[x 2l x 3 }®x\K[xi,x 2 }®x\x 3 (x\,x 2 ,x 3 ). 
We obtain the following Stanley decomposition of I: 

I = x\K [x±, X3] © x\x 2 K[x\,x 3 } © x\x\K\x 2 , x 3 ] © x\x\K[xi, x 2 ]ffi 
@x\x\x 3 (x 2 K[x 2 , x 3 ] © XiX 2 K[x 2) x 3 ] © x\K[xi,x 3 ] © x 3 K[x 1) x 2 ] © x\x 2 x 3 K[xi, x 2 , x 3 ]). 



Remark 2.6. The conclusion of the Theorem 2.4 is not true for g(I) > 4. Indeed, con- 
sider the ideal I = {x\,x\,x\,xix 2 ) C S. We consider a Stanley decomposition of /, 
T> : I — Q) r i=1 UiK[Zi\. We assume that sdepth(D) = 2, and thus \Zi\ > 2 for all i. 
Since x\, x\, x\, X\X2 are the minimal generators of /, we can assume that Ui = x\ for 
% G [3] and M4 = X\X2- If {x 2 ,x 3 } C Z\ it follows that X\ <£ Z 2 , otherwise x\x\ G 
x\K[Z]\ fl x\K[Z 2 ]. Similarly, x\ <£ Z 3 . Therefore, Z 2 = Z 3 = {x 2 ,x 3 }. But in this case, 
x^xl G x\K\Z 2 \ fl x%K[Z 3 ], a contradiction. 

Thus, we may assume Z\ = {xi,x 2 }, Z 2 = {x 2 ,X3J and Z 3 = {3:3,3;!}. If x\ G Z 4 then 
x\x\ G x\K[x\,x 2 ] fl x\x 2 K\Z^ a contradiction. Thus xi ^ Z±. Similarly, x 2 <£ Z^ and 
therefore, \Z/\ < 1. This contradict sdepth(D) = 2. It follows that sdepth(J) = 1. 

An interesting problem, put by Jurgen Herzog, is to compute the Stanley depth of the 
powers of the maximal ideal (x±, . . . , x n ) C K [x±, . . . , x n }. We consider the case n = 3 and 
k > 2. Let / = (xi,x 2 ,X3) fc C K[xi,x 2 ,x^\. Using the same argument as above, we can 
easily see that sdepth(J) = 1. 

Lemma 2.7. Let I G S := K[xi,x 2 ,Xs] be a monomial ideal such that I = I'. For j G [3] 
we denote Ij :— I fl Sj := K[Zj], where Zj = {xi,x 2 ,xs} \ {xj}. If I sat = I then there 
exists some j G [3] such that n at = I 



r 



Proof. If I = S there is nothing to prove, so we can assume I 7^ S. Since I sat = I, it 
follows that m = (xi,x 2 ,xs) (£ Ass(S/I). Since I = I', it follows that (xj) ^ Ass(S/I) for 
all j G [n]. We denote rrij the irrelevant ideal of Sj. Therefore, Ass(S/I) C {mi, m 2 , m 3 }. 



■>3 



Thus, we can find a decomposition I = P| - =1 <5j such that Qj is m,,-primary or Qj = S 



for all j G [3]. It follows that Ik = f]j=i(Qj ^ Sk)- We assume Qi = (x 2 ,x|, . . .), Q2 
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(xi,xf, .••) and Q3 = {x\,x 2 , . . .) where a, 6, c, d, e, / are some nonnegative integers. By 
reordering the variables, we can assume o > /. It follows that Q\ fl S3 = (x 2 ) C Q3. 
Therefore, ^3 = (x 2 ) fl (xg) = (x^xf) is principal and moreover, J 3 = 7| a *. D 

Proposition 2.8. Let I C S :— K[xi,x 2 ,x 3 ] be a monomial ideal which is not principal. 
Ifl = p at then sdepth(J) = 2. 

Proof. Since sdepth(I) = sdepth(I') and I sat = vl' sat , where v = GCD{u\ u G G(I)), 
we may assume I = V . If c(I) — 2 or g(I) = 2 there is nothing to prove, and therefore, 
we may assume that c(I) = 3 and g(I) > 3. We use the notations from Lemma 2.7. By 
2.7, we can assume that I( at = I\ and I\ is principal. Thus sdepth(ii) = 2. We write 
I — I\ © x\(I : xi). Obviously, J C (I : x\) and (7 : xi) sat = (J : xi). We can use the same 
procedure for (J : Xi). We obtain a chain of ideals which must stop. Thus, we obtain a 
Stanley decomposition of / with its Stanley depth equal to 2. □ 

Remark 2.9. The converse of 2.8 is not true, take for instance m = (x!,x 2 ,X3) C 
K[xi, x 2 ,x 3 ]. By Stanley's conjecture, it would be expected that any monomial ideal 
I C S = K[xi, . . . ,x n ] with sdepth(J) = 1 has also depth(J) = 1. But depth(J) = 1 
if and only if depth (S*//) = 0, which is equivalent with I sat 7^ /. So, by 2.8, it follows that 
if I C S :— K[xi,X2,xs] has sdepth(J) = 1 then depth(J) = 1. Unfortunatelly, a similar 
result to Lemma 2.7 is not true for n > 4. 
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Let S = K[x 1 ,x 2 ,x 3 ,x i ], Q x = (x|,x|,x 4 ), Q 2 = {xf,x 3 ,xl), Q 3 = {x\,x 2 ,x\), Q 4 = 
(xi,X2,x 3 ) and I = Qi fl Q 2 fl Q 3 fl Q 4 . With similar notations as those of 2.7, one can 
easily see that Ik = I fl Sk = C\j=i(Qj H Sfc) is a reduced primary decomposition of J^. In 
particular, m^ = ^Qj fl Sj G Ass(Sj/Ij) and thus J| a * 7^ Jj. 
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